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ABSTRACT 

Th i s  paper desc r ibes  t w o  methods of es t imat ing  s lope  

g r a d i e n t s  from a d i g i t i z e d  contour map, The f irst  method 

uses  amount of contour l i n e  pe r  u n i t  a r e a  a s  a s lope  mea- 

s u r e ,  while  the second computes s lope  by measuring d i s -  

tances  t o  nea res t  contour l i n e s .  Both methods have been 

implemented i n  PAX I1 on t h e  Univac 1108 computer. 
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F i s c h e r  ' s n u t a t i o n  method 

a .  Inpu t  contour  map 

b, Output slope map 

D i g i t a l  contour  map 

D i g i t a l  n u t a t i o n  method (no averaging;  n u t a t i o n  r a d i u s  10)  

D i g i t a l  n u t a t i o n  and averaging  ( b l u r  r a d i u s  4 )  

a .  P r i n t o u t  

b ,  P i c t u r e  o u t p u t  

Averaging of o r i g i n a l  contour  map ( r a d i u s  10)  

a .  P r i n t o u t  

b, P i c t u r e  

D i g i t a l  s l o p e  computation 

a .  D i s t ance  between contour  l i n e s  i n  X d i r e c t i o n  

b. X component of s lope  

c-d, Same a s  a-b,  fo r  Y d i r e c t i o n  

e .  Approximation t o  the g r a d i e n t  

D i g i t a l  s l o p e  c l a s s  map 

a .  Unsmoothed 

b ,  Smoothed 



_i 1. I n t r o d u c t i o n  

i 

Contour maps of  many k inds  a r e  produced t o  describe 

s p a t i a l l y  d i s t r i b u t e d  d a t a ,  Such maps c o n t a i n  i s o l i n e s ,  

which a r e  t h e  l o c i  of  p o i n t s  a t  which some measured quan- 

t i t y  t a k e s  on a given discrete set of va lues .  For example, 

i n  a topographic  contour  map, the i s o l i n e s  a r e  l i n e s  of 

equal  t e r r a i n  e l eva t ion :  i n  a weather map, they may be 

l i n e s  o f  equal  p re s su re  ( i s o b a r s ) ,  temperature  ( i s o t h e r m s ) ,  

r a i n f a l l  ( i s o h y e t s ) ,  e tc , ;  w h i l e  i n  o t h e r  cases  they may 

r e p r e s e n t  any o f  a wide v a r i e t y  of  d a t a  (stress, magnetic 

v a r i a t i o n ,  r a d i a t i o n ,  etc.)  

U s e r s  o f  contour  maps o f t e n  desire t o  know the r a t e  

o f  change ( i . e . ,  f irst  d e r i v a t i v e ,  o r  s lope )  of t he  d a t a .  

Ca lcu la t ion  o f  s lope  along a p a r t i c u l a r  pa th  i s  a 

s t r a igh t fo rward  ma t t e r ,  It  i s  less t r i v i a l ,  however, t o  

determine t h e  s lope  g r a d i e n t  ( i - e - ,  t h e  maximum slope i n  

any d i r e c t i o n )  a t  a p o i n t ,  l e t  alone a t  a l l  p o i n t s  o f  a 

r eg ion ,  This  paper  d e s c r i b e s  computer programs which 

measure, " i n  p a r a l l e l " ,  approximations t o  the  s lope  gra-  

d i e n t  a t  a l l  p o i n t s  of a d i g i t i z e d  map, so a s  t o  y i e l d  a 

of the  given region.  



Fischer  [l] has  tested an optical-mechanical method 

of  producing a s lope  map from a given contour map, H e  

used  a p o s i t i v e  and a negat ive t ransparency of  the con- 

tour  s h e e t ,  separa ted  by a d i f f u s i n g  transparency (semi- 

matte t r a n s l u c e n t  a c e t a t e ) ,  A n  e c c e n t r i c  t u r n t a b l e  was 

cons t ruc ted  and used t o  n u t a t e  t he  p o s i t i v e  transparency 

r e l a t i v e  t o  t h e  negat ive a t  a given nu ta t ion  radius.* 

A c o n t r o l l e d ,  d i f f u s e  l i g h t  source i l lumina ted  the t r ans -  

parenc ies  from below, and a camera, mounted above, re- 

corded the  r e s u l t s  i n  a t i m e  exposure taken over a per iod 

o f  one o r  more complete n u t a t i o n s ,  It  i s  evident  t h a t  

i n  t h i s  arrangement,  more l i g h t  w i l l  pass  through a re- 

gion having many contour l i n e s  per  u n i t  area than through 

a reg ion  having few o r  none, Since s lope  i s  a l s o  high 

where the re  a r e  many contours  per  u n i t  a r e a ,  the photo- 

graphic  recording can thus be regarded a s  a s lope  map, 

It  i s  a f a i r l y  s t ra ight forward  mat te r  t o  c a l i b r a t e  t h i s  

system so a s  t o  be a b l e  to  convert  any d e n s i t y  on the  

photograph i n t o  an equiva len t  number of l i n e s  per  u n i t  

a r ea .  An example of  t he  r e s u l t s  obtained by t h i s  method 

i s  shown i n  Figure 1, 

Monmonier, P f a l t z  and Rosenfeld [2] reported a com- 

p u t e r  program c a l l e d  SAMJ? which est imated su r face  a rea  

from a contour map. To a r r i v e  a t  a r e a ,  t he  program first  

computed s lope  a t  each po in t  by determining d i s t a n c e s  t o  

t h e  n e a r e s t  contours  i n  two orthogonal d i r e c t i o n s .  Dif-  

f e r e n t  procedures w e r e  used depending on whether o r  not 

* 
Fischer  suggested t h a t  t h e  nu ta t ion  r ad ius  should be C/S, 
where C i s  the  contour i n t e r v a l  d iv ided  by the  s c a l e  of  
t h e  map, and S i s  the  sma l l e s t  s lope  t o  be detected, 



t h e  given p o i n t  was i t se l f  on  a c o n t o u r  l i n e ,  and on 

whether o r  no t  another  contour l i n e  e x i s t e d  i n  one o r  

bo th  d i r e c t i o n s  wi th in  a s p e c i f i e d  d i s t a n c e  ( a f t e r  which 

the  t e r r a i n  was regarded a s  f l a t ) ,  The slope computation 

a l s o  depended on whether the  contours  reached were the 

same o r  d i f f e r e n t ,  The methods repor ted  i n  t h i s  paper 

a r e  s impler  i n  t h a t  they consider  on ly  d i s t a n c e s  between 

contours  (whether t h e  same o r  d i f f e r e n t )  , and do n o t  

g i v e  s p e c i a l  t reatment  t o  po in t s  on contours ,  On the  

o t h e r  hand, the  p re sen t  methods provide map o u t p u t ,  

which SAMP d i d  not .  Figure 2 shows a d i g i t a l  contour 

map which was used a s  inpu t  to  both the  S A W  program and 

t h e  programs repor ted  below: one p i c t u r e  element on t h i s  

map r e p r e s e n t s  about 100 '  on the  t e r r a i n ,  



3. 

A s imple d i g i t a l  vers ion  o f  F i s c h e r ' s  optical-me- 

c h a n i c a l  method i s  a s  fol lows:  The p o s i t i v e  and nega t ive  

t r a n s p a r e n c i e s  a r e  r ep resen ted  by the  d i g i t a l  contour  

map and i t s  complement. One of  t hese  maps i s  nu ta t ed  

about t h e  o t h e r :  f o r  each r e l a t i v e  s h i f t ,  they a r e  

ANDed, and t h e  r e s u l t s  a r e  summed over  a complete nu- 

t a t i o n .  F igure  3 shows the  r e s u l t i n g  sums f o r  a n u t a t i o n  

amplitude o f  10 .  A s  c a n  be s e e n ,  t h e  r e s u l t s  a r e  

t o o  d i s c r e t e ,  perhaps because t h e  n u t a t i o n  ampli tude 

i s  no t  g r e a t  enough. Furthermore,  t h e r e  i s  a tendency 

toward d i s c o n t i n u i t y  both  a long  and. a c r o s s  con tour s ,  

This  may be due t o  t h e  f a c t  t h a t  t h e  d i f f u s i n g  t r a n s -  

parency used i n  the  o p t i c a l  p rocess  was no t  s imula ted  

i n  the  d i g i t a l  method. 

I t  was decided t h a t  a c l o s e r  equ iva len t  t o  t h e  

o p t i c a l  scheme could be obta ined  by smoothing o r  b l u r -  

r i n g  the  r e s u l t s  of t h e  n u t a t i o n ,  i . e . ,  averaging over  

a f i x e d  neighborhood a t  each p o i n t .  The r e s u l t s  of such 

a smoothing, by av r ag ing  ove r  a c i r c u l a r  neighbox-hood of  

r a d i u s  4 a t  each p o i n t ,  a r e  shown i n  Figure 4 .  HOW- 

e v e r ,  q u a n t i t a t i v e  e v a l u a t i o n  f o r  e i g h t  tes t  p o i n t s  

(Table  1) shows d e v i a t i o n s  of s e v e r a l  pe rcen t  of s l o p e ,  

which would be too rough an approximation f o r  most pur- 

poses ,  Fu r the r  s tudy  i s  needed t o  determine the  optimum 

n u t a t i o n  r a d i u s  and b l u r  r a d i u s  f o r  t h i s  method. 



i Q u a l i t a t i v e l y ,  a simple smoothing of t h e  o r i g i n a l  

contour  map should also y i e l d  h igh  va lues  i n  a r e a s  of 

h igh  s l o p e ,  The r e s u l t s  of such a smoothing, us ing  

c i r c u l a r  neighborhoods of r a d i u s  10 ,  a r e  shown i n  

F igure  5. 
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The second d i g i t a l  method t e s t e d  uses  s t r a i g h t f o r -  

ward measurement o f  d i s t a n c e  between contours  on the  

d i g i t i z e d  map. Since t h e  map s c a l e  and contour i n t e r -  

va l  a r e  known, s lope  can be e a s i l y  computed from such 

a d i s t a n c e  measurement. T h i s  was done i n  both the  x 

and y d i r e c t i o n s  (Figure 6a-d)*. The s lope  g rad ien t  

can then be computed a s  the  square root of the  sum o f  

the  squares  of these  x and y s lope  components. To 

s impl i fy  the computation, an approximation t o  the square 

roo t  was used, namely u + T ,  where u i s  the l a r g e r  and 

v t h e  smaller  of  t he  two components. (Note t h a t  f o r  

v = 0 w e  have 

V 

V us+ - =  u ,  w h i l e  f o r  v = u 2 
c c 

V w e  have /u2  + v2 = u d 2  = 1 - 4  u and u + - = 1 - 5  u ,  so 

t h a t  t h i s  approximation i s  reasonably good a t  both ends 

o f  t he  range 0 5 v I; u.) The r e s u l t  i s  shown i n  Figure 

6e. A q u a n t i t a t i v e  eva lua t ion  o f  the r e s u l t s  f o r  the 

e i g h t  test  p o i n t s  i s  given i n  Table 1. 

2 

A s lope-class  map was cons t ruc ted  by threshold ing  

these  r e s u l t s ,  using the  s lope  i n t e r v a l s  0-2%, 2-5%, 

5-LO%, 10-20%, and > 20% (Figure 7 a ) ,  The map has a 

somewhat blocky, gra iny  appearance. One cause of  t h i s  

i s  the  f a c t  t h a t  t he  est imated s lope usua l ly  has d i s -  

c o n t i n u i t i e s  a t  contour l i n e s .  To combat t h i s ,  t he  s lope  

map was smoothed by ass igning  to  each po in t  on a contour 

l i n e  t he  average of  the  s lopes  a t  the  four  neighboring 

p o i n t s ,  and f u r t h e r  by averaging over neighborhoods. 

*It would have been d e s i r a b l e ,  e i t h e r  a s  a check o r  t o  pro- 
vide a c l o s e r  approximation, t o  also compute s lopes  i n  the 
45O d i r e c t i o n s ,  However, s ince  the  contour l i n e s  on the 
d i g i t i z e d  map a r e  t h i n ,  searches  along 45O l i n e s  would 
o f t e n  c r o s s  them without d e t e c t i n g  them, 



The r e s u l t s  a r e  shown i n  F igure7b-  Analysis  o f  the  

p r i n t o u t  shows t h a t  s c a t t e r e d  e r r o r s  s t i l l  surv ive ,  

b u t  i f  d e s i r e d ,  many of these  could be el iminated using 

s tandard noise  c leaning techniques,  

The e r r o r s  f o r  the  g rad ien t  method a r e  of  about 

t h e  same magnitude a s  i n  the nuta t ion  method, b u t  a r e  

d i f f e r e n t l y  d i s t r i b u t e d ,  An i n t e r e s t i n g  difference be- 

tween t h e  two methods i s  t h a t  near t h e  edges of the map, 

the nu ta t ion  method underestimates the  s lope ,  s i n c e  t he  

map i s  blank beyond i ts  edge, while  t he  g rad ien t  method 

overes t imates  t h e  s lope ,  s ince  i t  t r e a t s  the edge of 

t he  map a s  a contour ,  I n  gene ra l ,  t he  g rad ien t  method 

i s  m o r e  f l e x i b l e ,  s ince  i t  can provide a v a r i e t y  of 

in te rmedia te  products ,  such a s  s lopes  i n  s p e c i f i c  d i -  

r e c t i o n s  e 

i 
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5 e Discussion 

The r e s u l t s  o f  these  s t u d i e s  i n d i c a t e  t h a t  approx- 

imate s lope  computation ' ' i n  p a r a l l e l "  from a d i g i t a l  

contour map i s  f e a s i b l e ,  The computation t i m e s  requi red  

w e r e  not  excessive (of t he  o rde r  of one minute) ,  and 

on a p a r a l l e l  computer such a s  I L L I A C  I11 it should be 

p o s s i b l e  t o  do the  computations f o r  an e n t i r e  map i n  

t i m e s  of  t h a t  o r d e r ,  

An important l i m i t a t i o n  on such approaches t o  s lope 

computation i s  imposed by the  f a c t  t h a t  t h e  contour 

l i n e s  must be one p i c t u r e  e lement  wide, ( I n  t h e  o p t i c a l  

analog case too ,  t h e  contour l i n e s  on t h e  t ransparenc ies  

must have f i n i t e  width.)  Thus t h e  accuracy of  s lope  

e s t ima tes  can never be g r e a t e r  than 1/6/ where 5 i s  

t h e  average d i s t a n c e  between contours.  This l i m i t a t i o n  

i s  e s p e c i a l l y  s e r i o u s  for  s t e e p  t e r r a i n ;  t hus  the  inpu t  

map used i n  t h e  tests r ep resen t s  a worst  case.  I n  s p i t e  

of t h i s ,  the  r e s u l t s  a r e  f e l t  t o  be encouraging, and the  

methods warrant s e r i o u s  cons idera t ion  f o r  use i n  p r a c t i c a l  

a p p l i c a t i o n s  e 
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Table 1. 

Poin t  

A 

B 

C 

D 

E 

F 

G 

H 

Resul t  of Resul. t of 
n u t a t i o n  method d i g i t a l  slope 

(x 3r, q r a d i e n t  method 

36 

24 

27" 

18 

1 5  

0 

2 4  

18 

36 

18 

43 

24 

18 

6 

27 

2 0  

Slope g r a d i e n t  
computed a s  square 
r o o t  of sum of squares  

33 

19 

39 

22 

18 

5 

2 5  

19 

~ ~ ~~ - 

* 
This  discrepancy is  probably due to  i n t e r a c t i o n  between t h e  
n u t a t i o n  and the small  closed contour  j u s t  surrounding 
Poin t  C. 



Figure  1, F i s c h e r ' s  nu ta t ion  method 
a )  Inpu t  contour  map (negat ive)  
b) Output slope map 
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Figure  3 D i g i t a l  n u t a t i o n  method ( n o  averaging;  
n u t a t i o n  r a d i u s  10)  
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Figure.  4a a D i g i t a l  n u t a t i o n  and averaging 
( b l u r  r a d i u s  4 )  
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F i gu re  4b. Grayscale ve r s ion  of F ig .  4a. 
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Figure 5b. Grayscale version of Fig. 5a. 



Figure  6 a ,  
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F i g u r e  6b, D i g i t a l  slope computa t ion :  
x-component of s lope 



Figure  6c, D i g i t a l  slope computation: 
D i s t ance  between contour  1j.nes i n  y 
d i r e c t i o n  



F i g u r e  6d, D i g i t a l  s lope computa t ion :  
y-component of s lope 



Figure 6e ,  D i g i t a l  s lope  computation: 
Approxima t i o n  t o  the  g r a d i e n t  
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Figure  7, Digital slope c l a s s  m a p  
a U n s m o o  thed 
b. Smoothed 


